Ratliff-Rush Monomial Ideals 



Veronica Crispin Quinonez 

Abstract. Let / be a regular m-primary ideal in (R, m, k). Then its Ratliff- 
Rush associated ideal / is the largest ideal containing / with the same Hilbert 
polynomial as I. In this paper we present a method to compute Ratliff-Rush 
ideals for a certain class of monomial ideals in the rings k[x,y] and fc[[x,j/]]. 
We find an upper bound for the Ratliff-Rush reduction number for an ideal 
in this class. Moreover, we establish some new characterizations of when all 
powers of / are Ratliff-Rush. 



1. Introduction 

Let R be a Noetherian ring and let an ideal / in it be regular, that is, let / 
contain a nonzerodivisor. Then the ideals : I 1 ), I > 1, increase with I. The 

union / = lJi>i(^ +1 : ^) was ^ TS ^ studied by RatlifT and Rush in |RR| . They 
show that = /' for sufficiently large I and that / is the largest ideal with 
this property. Hence, 1 = 1. Moreover, they show that I 1 = I 1 for sufficiently 
large I. We call / the Ratliff-Rush ideal associated to /, and an ideal such that 
I = I a, Ratliff-Rush ideal. The Ratliff-Rush reduction number of / is defined as 
r(J) = min {I e Z> \ I = : I 1 )}. 

The operation " cannot be considered as a closure operation in the usual sense, 
since J C I does not generally imply J C I. An example from [ES, shows this: 
let J = (y 4: ,xy 3 ,x 3 y,x 4: ) C I = (y 3 ,x 3 ) C k[x,y], then I is Ratliff-Rush but 
x 2 y 2 eJ\L 

Several results about Ratliff-Rush ideals are given in HJLS , HLS and RR . 
In addition to general results, one can find many examples and counterexamples 
with respect to different properties RS . In E] the author presents an algorithm 
for computing Ratliff-Rush associated ideals by computing the Poincare series and 
choosing a tame superficial sequence of /. 

One of the reasons to study Ratliff-Rush ideals is the following. Let J be a 
regular m-primary ideal in a local ring (R, m, k). We know that the Hilbert function 
Hi(l) = dinifc(i?/ P) is a polynomial Pi (I) called the Hilbert polynomial of I for all 
large I. Then / can be defined as the unique largest ideal containing / and having 
the same Hilbert polynomial as I. 
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Ratliff-Rush ideals associated to monomial ideals are monomial by definition, 
which makes the computations easier. There is always a positive integer L such 
that / = I L+l : I L , but it is not clear how big that L is (see Example 1.8 in RS ). 
If / is a monomial ideal and m is some monomial, then for all Z > we have 

(1.1) {ml) l+1 : {ml) 1 = {m l+1 I l+1 ) : {m l I l ) = m{I l+1 : I 1 ). 

Principal ideals are trivially Ratliff-Rush. Any non-principal monomial ideal J in 
the rings k[x, y] and k[[x, y]] can be written as J — ml, where m is a monomial and 
I is an (x, y)-primary ideal; hence it suffices to consider (x, y)-primary monomial 
ideals. Moreover, l|l.l|l shows that the Ratliff-Rush reduction numbers of I and ml 
are the same. 

In this paper we show how to compute the Ratliff-Rush ideal associated to 
a monomial ideal in a certain class in the rings A; [cc , y ] and k[[x, y]] and find an 
upper bound for the Ratliff-Rash reduction number for such an ideal. Section [21 is 
devoted to some results about numerical semigroups that are crucial for our work 
in Section |31 In Section 0] we duscuss several useful examples. 

2. Some results on numerical semigroups 

A numerical semigroup S is a set of linear combinations Aiai + - • - + A r a r , where 
Oj G Z>o are the generators and A^ G Z>o are the coefficients. There is a partial 
ordering <$ where for any pair s, s' in S, if there is s" G S such that s' = s + s" 
then s < s . The set of minimal elements in 5\{0} in this ordering is called a 
minimal set of generators for S. If a semigroup is generated by a set {ai}[ =1 , 
then we denote it by (oi, . . . , a r ). 

Definition 2.1. Let S — (cti) be a numerical semigroup and gcd(ai) = h. The 
greatest multiple of h that does not belong to S is called the Frobenius number of 
S and is denoted by g{S). If gcd(aj) — 1, then the Frobenius number is the greatest 
integer that does not belong to S. A list of references to the papers written about 
this subject can be found in FGH , pp. 1-2. 

We notice that for any h G Z + the numerical semigroups (a,) and (hat) are 
isomorphic. 

Definition 2.2. Let S = (ai, . . . ,a r ), where a\ < ■ ■ ■ < a r , be a numerical 
semigroup. For s € S the coefficients in a linear combination s = \ai are not 
necessarily unique. We define the function A : S — > Z> by A(s) = min { I s — 
^2 AjOi }. Then we define the following positive number: 

(2.1) A = A(5) = max{ A(s) | s < g(S)+a r }. 

Corollary 2.3. Let S = (ai, . . . , a r ) with a% < ■ ■ ■ < a r . Then for s G S we 
have lim^oo = a r . 

Proof. For each s > g(S) there is n G Z>o such that g(S) + a r n + 1 < s < 
g(S) + a r (n + 1). Then, obviously, A(s) > n and A(s) < A + n by Definition 12.21 
Hence, 9(s) +° r " +1 < yfr < 9(S)+ar(n+1) . The limits of both the right hand side 

' A+n — A(s) — n & 

and the left hand side are a r as s — > oo. □ 

Proposition 2.4. Let S — (a%, . . . , a r ) be a numerical semigroup generated by 
nonnegative integers ai < — < a r . Let a < 1 and fi be real nonnegative numbers. 
Then there is a number L such that for every integer I > L the following is true: 

if s G S and s < a r ■ cd + (3, then A(s) < I. 
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Proof. For each s > g(S) there is n £ Z>o such that g(S) + a r n + 1 < s < 
g(S)+a r (n + l). Thus, A(s) < A + n < A+ s ~ g ^ ) ~ 1 . Hence, if s < a r al + /3we get 

A(s) < A + aZ + /3 ~^f ) ~ 1 - We want to hnd an L such that A(s) < I for all Z > L. 
This occures if 

(2.2) I > °rA + ^- g (g)-l 

V y - a r (l-a) 

which is an upper bound for the number L. □ 

Remark 2.5. It is easy to see the necessity of the condition a < 1. Consider 
the numerical semigoup S — (2, 5). Let I £ Z> and j3 = 4. Then for any Z there is 
no Ai £ Z> such that s = 5Z + 4 = Ai-5 + (J— Ai) • 2. 

Corollary 2.6. Lei S — (<2i)£_ and T — (&i)£_ , where clq = b r = and 
&i + bi — d for all i, be numerical semigroups. Then there is a number L such that 
for every integer I > L and some fixed (3 the following is true: 

if s £ S and s < d-al+(3 < dl, then there are Ao, . . . , A,, such that s = ^i=o ^i a i 
and Y^i=o = l> moreover, dl — s = X^i=o ^ '■ 

Proof. By Proposition ^. 41 there is some L such that for all Z > L if S 3 s < 
dal + (3 then s = J2l=i ^i a i, where J2l=i Aj < Z. Letting Ao = Z — X)j=i ^< we can 
write s = Yh=o where Y%=a ^» = Clearly, dl - s = cZ^Lo ^« _ SI=o = 
El=o Ai&i ST. □ 

If S and T are as in Corollary 12. 61 then for any s £ S and t £ T such that 
s + t = dl we have either s<Y+/3ori<Y+/?f° r some /3 < y . This estimation 
will be used frequently in the next two sections when we apply our results on 
calculating powers of and Ratliff-Rush ideals associated to some monomial ideals. 

Example 2.7. In Proposition 12.41 let a = | and [3 = 0. Thus, for every 
Z > 2A - 29( 2 +2 , if s e S and s < ^, then A(s) < Z. 

Example 2.8. For any I £ Z> every s £ S belongs to the interval """^^ < 
s < ar (' +3 2 +1 )~ 1 for some j > — Z. That is, the assumptions in Proposition ^. 41 are 
fulfilled for a = \ and (3 = ^(j+i)-^ Hence, for all Z > 2A + (j + 1) - 3+ ^ (S) if 
s < aA + a r (j+i)-i then A ( s ) < L 

3. Ratliff-Rush ideals associated to certain monomial ideals 

Now we will apply the results from the previous section in order to compute 
Ratliff-Rush ideals for some monomial cases. We start with the case where all the 
minimal generators of the ideal have the same degree. 

3.1. Ideals generated by monomials of the same degree. Let / = 

(x ai y bi )l =0 be an m-primary ideal generated by the monomials of the same degree d 
ordered in such a way that cij < Oj+i and bi > in other words, ao = b r = and 
bi = d—ai for all i. To this ideal we associate the numerical semigroups S = {ai) r i=0 
andT=^)r =0 . 

The ideal P is generated by monomials of degree dl, namely by 

(3.1) { J] (x a ^) li = x^ ka 'y^ 1 ^}. 
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Here J2 E 6 T and J2 + J2 = J2 ^( a « + &») = cW- 

Theorem 3.1. Let an idea? / = (x ai y hi ) r i=0 C i? and the corresponding numer- 
ical semigroups S — (a,)£_ and T = (&i)£_ . Then there is an integer L such that 
for any I > L the following is true: 

(3.2) I 1 = (x s y l | s G 5 and f G T such that s + t^ dl). 
Moreover, for I sufficiently large: 

(1) if s £ S, s < u and s + u > dl, where u € Z>o, t/ien x s y u G I ; 

(2) if t £ T, t < V and t + v > dl, where v G Z>o, then x v y t S J . 

PROOF. The inclusion 7 ! C (a; 8 ?/* \ s £ S, t eT and s + 1 — dl) is true for all I, 
which is clear from the text preceeding the theorem. 

The other inclusion needs to be proved since s + t = dl does not generally 
imply that s = J2i=o ^» a » with Sj= q ^ = ' or * = S[=o with SLo/ 1 ' = 
However, this is asserted by Corollarv l2.6l as we will see below. Thus, we will prove 
the second part of the theorem, because this other inclusion is a special case of it, 
since if s + 1 = dl then either s < t or t < s. 

If s + u > dl then there is some j such that d(l + j) < s + u < d(l+j + 1) — 1. 
We will show that for any such s,u and j we have x s y lt G I +J C I . Clearly, it 
is sufficient to consider the case j = 0, that is, suppose dl < s + u = dl + b < 
d(l + 1) — 1. If s < u then s < $L + 4=1, By Corollary 12.61 for sufficiently large 
I we can write s = J2l=o^ iai anc ^ u = b + Y^i=o^i^i> where J^A, = /. Hence, 

*V =y 6 n i (^ ai J/ i,i ) Ai e J 1 . 

Part 10) is proved similarly. □ 

Remark 3.2. By Example 12. 81 an upper bound for the least integer L in The- 
orem O is [max (2A(S) + 1 - 3+2 f s) , 2A(T) + 1 - 3+2 | (T) )] , where fc] denotes 
the least integer which is greater or equal to c. 

Definition 3.3. Let the assumptions be as in Theorem l3.ll We introduce the 
following ideals: Is = (x s y d ~ s \s G S and s < d) and I T = (x d_ VI* G T and t < d). 

Proposition 3.4. Let the assumptions be as in Theorem \H.l\ Then for every 
I sufficiently large 

(3.3) I 1 = {y dl - d )l s + {x dl - d )l T + (x d y d )l M A 
for some ideal Im.i- 

Proof. Let I > max({A(s) | S 3 s < d}, {\{t) \ T 3 t < d}). 

Then y dl ~ d (x s y d ~ s ) G I 1 if and only if s = A, a, < d where ^XiOi — 
I. Equivalently, x dl - d (x d - t y t ) G I 1 if and only if t = £ A A < d. Finally, the 
generators for P such that both the power of x and y is equal to or greater than d 
can be written as the third term in (|3.3(l where Im.i — I ■ {x d y d ). □ 

Example 3.5. Let / = (y 7 ,x 2 y 5 ,x 5 y 2 ,x 7 ). Then Is = (y 7 ,x 2 y 5 ,x 4: y 3 ,x 5 y 2 , 
x 6 y,x 7 ) and It = (y 7 ,xy 6 ,x 2 y 5 ,x 3 y 4 ,x 5 y 2 ,x 7 ). For / > 3 we can write I 1 = 
y 7l ~ 7 Is + x 7l ~ 7 I T + x 7 y 7 I M ,i for some I M ,t- For / > 4 the ideal I M ,t = m 7 '~ 14 . 

Remark 3.6. Generally, if g(S) and g(T) are less or equal to d — 1, then 
Im.i = m d ( /_2 * ) for all sufficiently large 
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Proposition 3.7. Let I = (x a *y b >) r l=0 C R, S = (a 2 )[ =0 and T = (h) r l=0 . 
Then the Ratliff-Rush ideal associated to I is 

I = / s n It- 
Proof. We will show that : I 1 = Is DIt for all sufficiently large I. Since 
I is monomial, a polynomial p belongs to if and only if every power product 
in p belongs to . Hence, it suffices to consider monomial ring elements. 

Let to e Is n It- Then to = m'x s y d ~ s = m"x d ~ l y 1 . We know that for all 
sufficiently large / the generators for I 1 are on the form x s y t where s G S, t e T 
and s + t = dl, that is either s < | or f < |. Assume s < 4J. Then, using the 
first equality for to, we get to • x s y l = m'x s+s y dl + d -( s + s ), Since s + s' < % + d = 
^HjJ -|- | ; then by Corollary 12.61 there is some integer L 5 use we can write such 
that for all I > Ls we can write s + s' = Ajdj and + 1) — (s + s') = ^ A^ 
where £ X i = l + 1 - Hence, mx"y t = l\ t (x a *y b *) x * € 

Using the equality to = m!'x 1 y* and Corollary 12.61 we show in the same 
way that there is some Lt such that for all Z + 1 > Lt if £ < 4p then mx s y t — 

Yl i (x ai y bi ) lii ei l+1 . 

On the other hand, assume m ^ Is- Then TOy d ' <^ 2/ d/ Is and, hence, my dl 
by Proposition 13.41 Analogously, if m ^ It then tnx ^ which finishes the 

proof. □ 



Corollary 3.8. Lei 7 = (x a *y b *) r l=a c R, S = (ai)r =0 and T = (o;)£ =0 i£s 
corresponding numerical semigroups. If for every pair aj tmd Oj we have either 
aj + Oj = afc /or some or a; + <Zj > d, then I is Ratliff-Rush. 

PROOF. Clearly, the set {s £ S \ s < d} = {a.i}[ =0 and then I s = I. Since the 
inclusion I C I T is always valid, we conclude that I = Is n It = I H It = 1 ■ O 



Proposition 3.9. Let I, S and T be as in Theorem \3.1\ Then there is an upper 
bound for the reduction number of I: 

(3.4) r(J) < [max (2A(S) + 2 - g( ^ +1 ,2A(T) + 2 - g(T ^ +1 )] - 1. 

Proof. The proof of Proposition ^ . 71 asserts that the upper bound is, using the 
notations from there, equal to |~max(Ls, Lt)~\ ■ The result follows from the formula 
(|2.2(l in Proposition E3I with a — \ and (3 — d . □ 



Example 3.10. Let I be the ideal in Example 13.51 Then I = I s n It = 
(y 7 , x 2 y 5 , x 4 y 4 , x 5 y 2 , x 7 ) . It is interesting to note that P satisfies Ij3.2|l for alH > 5 
by Remark 13. 21 but actually for all I > 4. Further, r(I) — 1 while the upper bound 
suggested by Proposition 13.91 is five. 

Example 3.11. Let I = (y 18 ,x 3 y 15 ,x 13 y 5 ,x ls ). Then I = I s D I T = (y 18 , 
x 3 y 15 ,x 8 y 12 ,x 9 y 10 ,x 13 y 5 ,x 18 ) and r(I) = 4. Thus, the minimal generators for I 
do not need to be of the same degree. 
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3.2. Ideals generated by x ai y bi such that + ^ = 1. Here we discuss 
slight generalizations of the subject in Section fc.ll to (x, j/)-primary monomial ideals 
(x ai y bi )^ =a such that ^ L + ^ L = 1 where gcd(&o, a r ) = d. We can, of course, apply the 
results directly using the numerical semigroups S' — -^--S and T" = ^ -T. However, 
it might be useful to devote some space to formulate the material differently in order 
to make it possible to widen the results. 

Corollary 3.12. Let S = (aj)£_ and T = (&j)£_ , where ao = b r = and 
^- + = 1 /or all i, be numerical semigroups. Then there is a number L such that 
for every integer I > L and some fixed [3 the following is true: 

if s G S and s < a r -al+/3 < aV t/ien £/iere are Ao, . . . , A r smc/i £/ia£ s = Ei=o Ai a i 
a7ld Ei=o A* = l > moreover, I - = ± Yn=o ^ih e ^ ' T - 

Proof. The proof differs from the one of Corollary 12.61 bv the last sentence, 
which here should be: 

b {l - £) = 6o(E A* - £ E A^) = 6 ( E A<(1 - £)) = E M € T. □ 

Theorem 3.13. Let I = {x ai y hi ) r i=(j C R be an m-primary ideal such that 
ao = b r = and + 5^ = 1- £ei S — {ai) r i=0 and T — (6j)J_ oe numerical 
semigroups. Then there is an integer L such that for any I > L the following is 
true: 

(3.5) I 1 = (x s if \ seS and t € T such that — + — = I). 

a r Oo 

Moreover, for I sufficiently large: 

(1) ifseS, £ < ^ and f- + ^>l for some u G Z> , t/ien a; s y" G i 1 ; 

(2) ifteT, ^ < and + ^ >l for some v G Z> , tfien a; 11 ?/* G 

Proof. The ideal F is a subideal of the right hand side of H3.5(l by the definition 
of S and T and the condition on the exponents. 

To prove it suffices to show that if Z < -^- + j^ = l + q<l + l for some 
rational q then x s y" G I , compare to the proof of Theorem 13. II 

tf£<^and£ + ^<J + l, then s < ^ + ^. Thus, by Corollary El 
for sufficiently large I we can write s = A, a, where E Aj = Further, let some 
f = J2 A»6i, then £ + ^ = £ A;(f^ + ^) = Z. Hence, u > t and we get X s ?/" G 

Part J2J is proved similarly. □ 

Proposition 3.14. Lei 7 = (x a *y bi ) C R, S and T be as in Theorem Iff. J 51 
TTien £/ie Ratliff-Rush ideal associated to I is 

~ s u 

L = (x s y u | s G S, s < a r and u such that 1 = l)n 

0.6) ' ; r 1° 

(x v y t \ teT, t <b and v such that — + — = 1). 

a r bo 

Example 3.15. Let L = (y 12 ,x 6 y 8 ,x 9 y 6 ,x 15 y 2 ,x 18 ). Then we have S = 
(6,9), T = (2) and I s = (j/VV.^I/V 12 !/ 4 ,! 15 !/ 2 ^ 18 ), /t = (l^zV , 
x 6 jy 8 ,x 9 y 6 ,a; 12 ?y 4 ,x 15 ?/ 2 ,x 18 ). Thus, the Ratliff-Rush associated ideal is J = Is H 
I T = /+(x 12 2/ 4 ). 
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4. Examples 

In the sequel we let / = (x ai y bi )i =0 be an (x, y) -primary ideal such that ai+bi 
ri for all i. 

Example 4.1. Assume a\ > |, then ai+aj > d for all pairs of a, and aj. Hence, 
the condition in Corollarv l3.8l is fulfilled and / is Ratliff-Rush. This generalizes the 
example of a non integrally closed Ratliff-Rush ideal (y 4 ,x 2 y 2 ,x 3 y,x 4 ) in RS , 
p. 2. 

The only integrally closed monomial ideals such that the generators have the 
same degree are (x,y) d . 

By the total iV = 2 d_1 of (x, y)-primary ideals generated by degree d monomials 
there are 2-2^1 such that | < a\ or | < b\. Hence, such monomial ideals generated 
by the same degree there are 2y/~N Ratliff-Rush ideals if d is odd and 2\/2N if d is 
even. 

4.1. Ideals such that all their powers are Ratliff-Rush. It is shown in 
HLS , (1.2), that all the powers of a regular ideal in a Noetherian ring are Ratliff- 
Rush if and only if the depth of the associated graded ring grj(R) is positive. 

Example 4.2. In |HJLS| . (6.3), the authors conjecture that for any d the ideal 
I<i = (y d ,x d ~ 1 y,x d ) and all its powers are Ratliff-Rush. The conjecture was later 
proved in RS by actual computation of the depth. An alternative way to show 
this uses Corollary 13. 81 

The numerical semigroups associated to the ideal Id are Sd = U^oi^ - i}i=o 
and Td = Z>o- Obviously, if s € Sd and s < dl, then A(s) < I. Let Sd,i be 
the numerical semigroup associated to the ideal I l d . Then {s € Sd,i \ s < dl} = 
{exponents of x in the minimal generating set for I l A. Hence, I l d is Ratliff-Rush for 
all I by Corollary EEI 

This family of ideals is part of a larger family in which all the powers of an 
ideal are Ratliff-Rush. 

Let Id.k — (y d -, x d ~ k y k , x d ~ k+1 y k ~ 1 , . . . , x d ~ 1 y, x d ). For example, the family 
Id. i are the ideals we have discussed previously. The corresponding numerical 
semigroups are S^,k) = Ui^o{ W_ i}o<i<ik and T^k) = %>o- If s G S^,k) and 
s < Id then A(s) < /. Then the exponents of x among the generators for I l d k fulfil 
the assumption in Corollary 13.81 which finishes the proof. 

Example 4.3. In jHJLSj , (E3), the authors examine the ideal I = (y 8 ,x 3 y 5 , 
x 5 y 3 , x 8 ) using MACAULAY. Among other things they show that I is Ratliff-Rush 
but J 3 is not. We will look at all the powers P. 

Using Proposition 13.71 we see that / = (y 8 ,x 3 y 5 ,x 5 y 3 ,x 6 y 2 ,x 8 ) D (y 8 ,x 2 y 6 , 
x 3 y 5 ,x 5 y 3 ,x 8 ) = I. 

Further, g(S) = g((0, 3, 5, 8)) = 7 and A(s) < 4 if s < 24. Thus, for every s < 8k 
we have A(s) < k + 1, that is, for alH > 4 if s < 8 • | then A(s) < [|] + 1 < I. 
Exactly the same is valid for the numerical semigroup T. Hence, 

(4.1) I 1 = (x s y 8l - s | s € S and s < 41) + (x 8 '"'?/* \ t€T and t < 41) 

for all I > 4. (Compare to Remark 13.61 ) Moreover, I 2 is on that form too, but not 
I 3 since A(12) = 4. 

Now we will show that if P is on the form 1)4. l[l . then F is Ratliff-Rush. Let 

Si and Ti be the numerical semigroups defined by / , then Is t — {x s y 8l ~ s \ s < 
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42) + x Al m Al and I Tl = (£ 8 '~V 1 1 < Al) + y il m Al . It is easy to see that I s , n I Tl = 
(x s y 8l ' s | s < Al) + (x sl ~ t y t \ t<Al)=I l . 

Finally, we get I 3 = I 3 + (x 12 y 12 ) using Proposition 13. 71 

Example 4.4. Let I k = (y 6k+1 ) + ( x ^ +l )+i y 4k^ k ^ + ^k+i+i y 2k-i^ 
For example, if k = 2 then I2 = (y 13 . l x 5 y s ,x 7 y 6 ,x 9 y 4 ,x 10 y 3 ,x 11 y 2 ,x 12 y,x 13 ). 

We will prove that all positive powers of I k are Ratliff-Rush by showing that 
the numerical semigroup determined by / is S = {ai} U {n E Z | n > 6k + 1} and 
if s E S is such that s < l(6k + 1) then A(s) < I. Hence, the generators for I l k will 
fulfil the condition in Corollary 13. 81 

We use induction on I. 

If I = 1 we are done, since {s € S \ s < 6k + 1} = {cti}. 

Let 1 — 2. We will show that all the elements in {6k + 2, . . . , 12fc + 2} are linear 
combinations of at most two generators and a,j. For all < i < 2k we have 
6k + 2 < (2fc + l) + (4fc + i + l) < 8fc + 2. Further, any integer n E [Sk + 2, . . . ,12fc+2] 
is a linear combination of two elements in {Ak + i + l} 2 t. . 

Assume our claim is true for all I < p. Let I = p + 1. We need to show that if 
p(6k + 1) + 1 < n < l(6k + 1) + 6k + 1 then n = J2 ^ with E ^ < P + L By the 
induction hypothesis {p(6A: + 1) — Ak + i}fto C S 1 and the values of the A-function 
of these elements are always less or equal to p. Thus, {p{6k + 1) — Ak + 1 \ + Ak + 1 = 
\idi with ^2 Aj < p + 1 for all < i < Ak. Clearly, the same is valid for each 
sum p(6k + 1) + (Ak + i + 1) for all < i < 2k, and we are done. 

This last example can be varied in many different ways. Moreover, the in- 
duction proof that we used can be applied on other families of ideals. For exam- 
ple, 7„ >fe = (x m y n(k+1 - l '>' 1 ) k i=0 + (x fcn+ % n - J '- 1 ) n : r o 1 . If n = 3 we get the family 
T 3 k = (y 3k+2 ,x 3 y 3k ~ 1 ,x 6 y 3k ~ 4 , . . . , x 3k y 2 , x 3k+1 y , x 3k+2 ). 
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